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Abstract Based on the nonlocal Bernoulli–Euler and Timoshenko beam theories, the dynamic stability of
embedded single-walled carbon nanotubes (SWCNTs) under axial compression is studied in a thermal
environment. The developed nonlocal models have the capability to interpret small scale effects.
A Winkler-type elastic foundation is employed to represent the interaction of the SWCNT and the
surrounding elastic medium. The free vibration and axial buckling of SWCNTs are discussed as subset
problems. A parametric study is conducted to investigate the influences of the static load factor,
temperature change, nonlocal elastic parameter, slenderness ratio and spring constant of the elastic
medium on the dynamic stability characteristics of the SWCNTs, with simply-supported boundary
conditions. It is found that the difference between instability regions predicted by local and nonlocal beam
theories is significant for nanotubes with lower aspect ratios. Moreover, it is observed that in contrast
to high temperature environments, at low temperatures, increasing the temperature change moves the
origins of the instability regions to higher excitation frequencies and leads to further stability of the system
at lower excitation frequencies.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY license.1. Introduction
Carbon nanotubes are regarded as potential nanostructural
materials that have attracted much attention due to their
extraordinary mechanical, thermal and electrical properties.
Engineering applications of carbon nanotubes have been re-
ported for development of novel nanoscale devices, such as
[1–6]. Therefore, studying the behavior of carbon nanotubes
under various loading conditions is a fundamental issue in
nanoscale investigations. Investigations of mechanical charac-
teristics of carbon nanotubes have focused on both computa-
tional and experimental methods. In the case of experimental
studies, several investigations have been performed to approx-
imate Young’s modulus of carbon nanotubes [7–10]. However,
due to the difficulties in experimental characterization of car-
bon nanotubes and the time consuming atomistic simulations,
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ficient method to study the behaviors of carbon nanotubes.
However, the classical continuum models are unable to take
into account the quantum effects arising from the discrete
nature of matter at nanoscale.
The theory of nonlocal continuum elasticity was formally
initiated by Eringen [11] and Eringen and Edelem [12]. Certain
elements of the theory were anticipated in attempts to con-
nect lattice mechanics to continuum mechanics. Nonlocal con-
tinuum models attempt to extend the continuum approach to
smaller length scales while retaining most of its many advan-
tages. The major difference between classical and nonlocal the-
ories is that the former theory assumes that the stress state at
a given point is uniquely determined by the strain state at the
same point, whereas, in the latter theory, the stress state at a
given point is considered as a function of the strain state of all
points in the body.
The use of nonlocal elasticity for nanostructures was applied
for the first time by Peddieson et al. [13]. They employed
a nonlocal elasticity theory to develop a nonlocal cantilever
Euler–Bernoulli beam model, used as an actuator in small
scale systems. Since then, applications of nonlocal continuum
mechanics have been demonstrated in different areas. There
are many other works, in which nonlocal continuum elasticity
has been used to predict the behavior of carbon nanotubes
evier B.V. Open access under CC BY license.
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a limited portion of the literature is concerned with the
responses of carbon nanotubes considering thermal effects.
Hsu et al. [28] analyzed the frequency of single-walled carbon
nanotubes (SWCNTs) subjected to thermal vibration using the
Timoshenko beam model. An analysis of the buckling behavior
of SWCNTs under axial compression in a thermal environment
was performed by Ni et al. [29]. Li and Kardomateas [30]
studied the thermal buckling phenomenon of multi-walled
carbon nanotubes in an elastic medium using the nonlocal
elasticity continuum. Zhang et al. [31] developed an elastic
multiple column model, for the column buckling of multi-
walled carbon nanotubes subjected to axial compression
coupling with temperature change. Recently, Ansari et al. [32]
investigated axial buckling characteristics of SWCNTs under
various boundary conditions, including thermal environment
effects.
Most aforementioned studies are concernedwith vibrational
and buckling behaviors of carbon nanotubes. The study on the
dynamic stability of beam-type structures under the action
of combined static and periodic axial loads is a matter of
technical importance [33,34]. In the current study, the dynamic
stability of SWCNTs subjected to a thermal environment is
investigated, based on nonlocal elastic beam models. The
developed nonlocal elastic beam models have the capability
to take small scale effects into account. It is assumed that the
SWCNTs are embedded in an elastic medium, so, a Winkler-
type elastic foundation is employed to represent the interaction
of the SWCNT and the surrounding elastic medium. Dynamic
governing equations of the carbon nanotubes are formulated
on the basis of nonlocal Bernoulli–Euler and Timoshenko
beam models, including thermal effect and axial compressive
force. Then, the free vibration and axial buckling of SWCNTs
are discussed as subset problems. A parametric study is
conducted to investigate the influences of the static load factor,
temperature change, nonlocal elastic parameter, slenderness
ratio and spring constant of the elastic medium on the dynamic
stability characteristics of the SWCNTs, with simply-supported
boundary conditions.
2. Governing equations for an embedded SWCNT in thermal
environment
As can be seen from Figure 1, a SWCNT with length L,
Young’s modulus E, shear modulus G, density ρ, Poison’s ratio
υ , cross-sectional area A, and cross-sectional moment of inertia
I , embedded in an elastic medium, with spring constant K ,
in a thermal environment, subjected to an axial excitation
compressive load, P(t), is considered. A coordinate system
(x, y, z) is introduced on the central axis of the CNT, whereas
the x axis is taken along the axial direction of the CNT. The
y axis is taken in the tangential direction and the z axis
is taken along the radial direction. Also, the origin of the
coordinate system is selected at the left end of the CNT. It is
assumed that the deformations of the CNT take place in the x–z
plane. Thus, assume that U(x, t) andW (x, t) are displacements
corresponding to the axial and radial directions, respectively, in
terms of the spatial coordinate, x, and the time variable, t [35].
The equation of motion for an embedded SWCNT, considering
the thermal effect and axial compressive force, according to the
nonlocal Bernoulli–Euler beam theory, is [36]:
∂2W
∂t2
− (e0a)2 ∂
4W
∂x2∂t2
+ EI ∂
4W
∂x4Figure 1: Schematic of a SWCNT: kinematic parameters, coordinate system,
geometry and loading.
− NT − P(t) 1− (e0a)2 ∂2
∂x2

∂2W
∂x2
+ K

1− (e0a)2 ∂
2
∂x2

W = 0, (1)
in which NT is the axial resultant force due to the thermal
loading, which is given by Ansari and Ramezannezhad [37]
NT = − (EA/ (1− 2υ)) αxT , and e0a is the small scale parame-
ter. Parametersαx and T represent the coefficient of thermal ex-
pansion and temperature change, respectively. It is noted that
the interaction between the tube and the surrounding elastic
medium has been modeled by the Winkler model [38,39].
For the nanotubes with shorter length, the effects of shear
deformation and rotary inertia become more significant, so
that the Timoshenko beam theory is more accurate than the
Bernoulli–Euler theory. The governing equations of motion for
an embedded SWCNT, considering the thermal effect and axial
compressive force, according to the nonlocal Timoshenko beam
theory, can be expressed as [36]:
κsGA

∂2W
∂x2
+ ∂Ψ
∂x

+ N ∂
2W
∂x2
− kW
− (e0a)2 ∂
2
∂x2

N
∂2W
∂x2
+ kW

= ρA∂
2W
∂t2
− (e0a)2 ρA ∂
4W
∂x2∂t2
, (2a)
EI
∂2Ψ
∂x2
− κsGA

∂W
∂x
+ Ψ

= ρI ∂
2Ψ
∂t2
− (e0a)2 ρI ∂
4Ψ
∂x2∂t2
, (2b)
where N = NT − P(t). Parameters Ψ and κs are the slope due
to bending and the shear correction factor, respectively.
For convenience, consider the dimensionless parameters, as
follows:
ξ = x/L, w = W/r, ψ = Ψ ,
r = I/A, µ = e0a/L, η = L/r, (3a)
(a1, a2, a3) =

EI
EAL2
,
κsGA
EA
,
EI
EAr2

,
P = P
EA
, NT = NT
EA
, k = KL
2
EA
τ = t
L

E/ρ.
(3b)
The governing equation corresponding to thenonlocal Bernoulli–
Euler beam theory can be rewritten as:
∂2w
∂τ 2
− µ2 ∂
4w
∂τ 2∂ξ 2
+ a1 ∂
4w
∂ξ 4
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
1− µ2 ∂
2
∂ξ 2

∂2w
∂ξ 2
+ k

1− µ2 ∂
2
∂ξ 2

w = 0. (4)
Also, the dimensionless form of governing equations, corre-
sponding to the nonlocal Timoshenko beam theory, can be ex-
pressed as follows:
a2

∂2w
∂ξ 2
+ η∂ψ
∂ξ

+ (NT − P (τ )) ∂
2w
∂ξ 2
− kw
−µ2 ∂
2
∂ξ 2

(NT − P (τ )) ∂
2w
∂ξ 2
− kw

= ∂
2w
∂τ 2
− µ2 ∂
4w
∂ξ 2∂τ 2
, (5a)
a3
∂2ψ
∂ξ 2
− a2η

∂w
∂ξ
+ ηψ

= ∂
2ψ
∂τ 2
− µ2 ∂
4ψ
∂ξ 2∂τ 2
. (5b)
For a SWCNT, with simply-supported boundary conditions at
both ends, (w(ξ, τ ) = ∂2w(ξ, τ )/∂ξ 2 = ∂ψ(ξ, τ )/∂ξ =
0 at ξ = 0, 1), w (ξ, τ ) = Λ (τ ) sin (mπξ) and ψ (ξ, τ ) =
Γ (τ ) cos (mπξ) are considered. Here, m denotes the mth
mode. Introducing the solution into Eq. (4) gives:
∂2Λ
∂τ 2
+

m4π4a1
1+ µ2m2π2 + NTm2π2 + k

Λ (τ )
− P (τ )m2π2Λ (τ ) = 0. (6)
By considering thedynamic transverse displacement asΛ (τ ) =Λeiωτ and disregarding the axial load, P (τ ), the dimensionless
frequency, ω, for free vibration of a SWCNT, corresponding to
the nonlocal Bernoulli–Euler beam theory, can be achieved.
ω =

m4π4a1
1+ µ2m2π2 + NTm
2π2 + k. (7)
Here, ω = ΩL√ρ/E, in which the symbol, Ω , denotes the
vibration frequency of SWCNTs. Also, by neglecting inertia
terms and the assumption of P (τ ) = Pcr (Pcr = Pcr/EA,
where Pcr stands for the critical buckling load), Eq. (6) will be
reduce to the equilibriumequations of a static buckling problem
of SWCNT, and the dimensionless critical buckling load of the
Bernoulli–Euler SWCNT is equal to:
Pcr = m
2π2a1
1+ µ2m2π2 + NT +
k
m2π2
. (8)
Also, by inserting the solution into Eqs. (5), one can have
the following differential equation corresponding to the
Timoshenko beam theory:
Md¨ + Ke − P (τ )Kg d = 0, (9)
inwhichd = [Λ,Γ ]T , andKe,Kg andM are the stiffnessmatrix,
geometric stiffness matrix and mass matrix, respectively; all of
them are 2 × 2 matrixes. These matrixes are in the following
form:
M =

1 0
0 1

, Ke =

α1 α2
α2 α3

,
Kg =

α4 0
0 0

,
(10)where:
α1 = m
2π2
1+ µ2m2π2 a2 +m
2π2NT + k,
α2 = ηmπa21+ µ2m2π2 , α3 =

a3m2π2 + a2η2

1+ µ2m2π2 ,
α4 = m2π2.
(11)
By considering the dynamic displacement vector as d = deiωτ
and disregarding the axial load, P (τ ), Eq. (9) decreases to the
governing equations of a free vibration problem of SWCNTs.
Ke − ω2M
d = 0. (12)
From the above eigenvalue problem, the following equation
is achieved, wherein its minimum root gives the natural
frequency of a SWCNT corresponding to the Timoshenko beam
theory:
ω4 − (α3 + α1) ω2 + α1α3 − α22 = 0. (13)
Also, by neglecting inertia terms, Eq. (9) will be reduced to the
equilibrium equations of a static buckling problem of SWCNTs.
Ke − PcrKg

d = 0. (14)
By solving the above eigenvalue problem, the dimensionless
critical buckling load of an embedded SWCNT based on the
Timoshenko beam theory is:
Pcr = α1α3 − α
2
2
α3α4
. (15)
3. Dynamic stability analysis
Let us define the dimensionless periodic axial excitation
compressive load, P (τ ), as:
P (τ ) = [α + β cos (Θτ) ] Pcr , (16)
in which α and β are the static and dynamic load factors,
respectively. Also,Θ = Θ L√ρ/E in which Θ is the excitation
frequency. By introducing Eq. (16) into Eqs. (4) and (5), Eq. (4)
will be obtained as:
∂2Λ
∂τ 2
+

m4π4a1
1+ µ2m2π2 + NTm2π2 + k

Λ (τ )
− [α + β cos (Θτ)] Pcrm2π2Λ (τ ) = 0, (17)
and Eqs. (5) can be written in the following form:
Md¨ + Ke − [[α + β cos (Θτ)] Pcr ]Kg d = 0. (18)
These equations express a system of second order differential
equations, with periodic coefficients of the Mathieu–Hill type.
Based on the linear equations theory, the boundaries between
stable and unstable solutions of Eqs. (17) and (18) are formed by
periodic T0 and 2T0 in which T0 = 2π/Θ . The subject of focus in
the present study is the solutions with periods 2T0, because of
the corresponding principle instability regions that are usually
much larger than the secondary instability regions defined by
the solutions with periods T0. Bolotin [40] has revealed that the
solutions with periods 2T0 can be determined as a first order
approximation from the following equations:
det
Ke − Pcr α ± β2

Kg − Θ
2
4
M
 = 0. (19)
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excitation frequency, Θ , from the preceding determinant. By
using standard eigenvalue algorithms, for a certain value of
α, the variation of the eigenvalue, Θ , with respect to β , can
be achieved. The plot of such variation in the β − Θ plane
determines the instability regions of the SWCNTs undergoing
the periodic axial load.
Considering Eqs. (17) and (19), the critical excitation fre-
quencies, Θ , corresponding to the nonlocal Bernoulli–Euler
beam theory, will be obtained as:
Θ1,2
= 2

m4π4a1
1+ µ2m2π2 + NTm
2π2 + k

1−

α ± β
2

.
(20)
Also, the critical excitation frequencies, Θ , based on the non-
local Timoshenko beam theory, can be achieved by solving the
following equations:
Θ4 − 4

α3 −

α ± β
2

α4Pcr + α1

Θ2
+ 16α3

α1 − α4

α ± β
2

Pcr

− 16α22 = 0. (21)
The minimum roots of these equations areΘ1 andΘ2.
4. Results and discussion
The material and geometric parameters of the SWCNTs are
taken to be E = 1.1 TPa, ρ = 1300 Kg/m3, the outermost
diameter d = 3 nm, the thickness t = 0.34 nm and shear
correction factor κs = 0.563. The Poisson ratio is chosen to
be υ = 0.3. As indicated by Ansari and Ramezannezhad [37],
Wang et al. [41], Hemmatnezhad et al. [42], the coefficient
of thermal expansion in carbon nanotubes is negative (αx =
−1.6 × 10−6 K−1) at low temperatures and is positive
(αx= 1.1×10−6 K−1) at high temperatures.
Parameters, such as the small scale parameter, the spring
constant of elastic medium, the CNT aspect ratio, compressive
static axial load and the temperature change, affect the stability
region of SWCNT. The effect of each parameter on the dynamic
stability of SWCNT, corresponding to EBT and TBT, is discussed
here. Figure 2 depicts the effect of small scale parameters on
the instability region for a SWCNT corresponding to EBT and
TBT. As indicated by the figure, an increase in e0a moves the
origins of the instability regions to lower excitation frequencies
and decreases the width of the instability region of embedded
SWCNT at a certain dynamic load factor. This fact reveals that
the classical beammodels have an overestimated prediction for
the width of instability region for the SWCNT. In addition, the
width of instability regions for the nonlocal Timoshenko beam
model is larger than that for the nonlocal Bernoulli–Euler beam
model. Also, in comparison to EBT, the origin of the instability
region corresponding to TBT is located at lower excitation
frequencies. It can be concluded that the Bernoulli–Euler beam
model has an overestimated prediction for the width of the
instability region. This difference is significant in the lower
aspect ratios of CNT.
Depicted in Figure 3 is the effect of spring constant on
instability regions predicted by EBT and TBT for an embedded
SWCNT. At a given dynamic load factor, an increase in the spring
constant will lead to higher excitation frequencies. Also, the
width of the instability region increases with the increasing(a) EBT.
(b) TBT.
Figure 2: Small scale effect on the instability region for a SWCNT with E =
1.1 TPa, ρ = 1300 Kg/m3 , d = 3 nm, t = 0.34 nm, L/d = 5, K = 0 N/m2 ,
T = 50 °K, αx = −1.6× 10−6 K−1 . (a) EBT; and (b) TBT.
(a) EBT.
(b) TBT.
Figure 3: Effect of spring constant on the instability region for a SWCNT with
E = 1.1 TPa, ρ = 1300 Kg/m3 , d = 3 nm, t = 0.34 nm, L/d = 10,
e0a = 0.5 nm, T = 50 °K, αx = −1.6× 10−6 K−1 . (a) EBT; and (b) TBT.
of the spring constant. As discussed before, the origins of the
instability regions corresponding to TBT are located at lower
excitation frequencies, and the width of instability regions
corresponding to the EBT is larger than that of the TBT.
The effect of aspect ratio, L/d, on the instability regions
of carbon nanotubes predicted by EBT and TBT for an
embedded SWCNT is shown in Figure 4. At a given dynamic
load factor, an increase in the aspect ratio leads to lower
excitation frequencies. Also, the width of the instability region
increases with a decrease in the slenderness ratio. It can be
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(b) TBT.
Figure 4: Effect of nanotube aspect ratio on the instability region for a SWCNT
with E = 1.1 TPa, ρ = 1300 Kg/m3 , d = 3 nm, t = 0.34 nm, K = 107 N/m2 ,
e0a = 0.5 nm, T = 50 °K, αx = −1.6× 10−6 K−1 . (a) EBT; and (b) TBT.
concluded that, due to the lower bending resistance to bending
deformation, the CNT with larger aspect ratios is susceptible
to dynamic instability at a lower value of excitation frequency
in comparison to the CNT with smaller slenderness ratios. In
addition, it is noted that at a given dynamic load factor, the
excitation frequency corresponding to the EBT is larger than
that of the TBT, especially in lower aspect ratios.
The effect of the static load factor, α, on the instability
regions of embedded SWCNT corresponding to different beam
theories is illustrated in Figure 5. As can be seen from this
figure, with an increase in the static load factor, the instability
region of the CNT tends to become wider and shift closer to the
coordinate origin. It must be noticed that α = 0.0 is relevant to
cases in which there is no static axial force component.
Figures 6 and 7 illustrate the dynamic instability regions
of an embedded SWCNT relevant to various values of the
temperature change, based on the EBT and TBT, respectively, at
low and high temperature environments. At high temperature
environments, an increase in temperature change leads to a
negative value of the axial resultant force due to the thermal
loading. Thus, an increase in the temperature changemoves the
origins of the instability regions to lower excitation frequencies
and decreases the width of the instability region of embedded
SWCNT at a certain dynamic load factor. Therefore, the system
tends to become unstable when increasing the temperature
change at high temperatures. On the other hand, at low
temperatures, increasing the temperature change moves the
origins of the instability regions to higher excitation frequencies
and leads to more stability of the system at lower excitation
frequencies. Also, it can benoted that thewidth of the instability
region in low temperature environments is larger than that in
high temperature environments.
At last, a comparison between the local and nonlocal beam
theories in predicting the instability region for an embedded
SWCNT, corresponding to different aspect ratios, is shown(a) EBT.
(b) TBT.
Figure 5: Effect of static load factor on the instability region for a SWCNT
with E = 1.1 TPa, ρ = 1300 Kg/m3 , d = 3 nm, t = 0.34 nm, L/d = 5,
K = 107 N/m2 , e0a = 0.5 nm, T = 50 °K, αx = −1.6× 10−6 K−1 . (a) EBT; and
(b) TBT.
(a) At low temperature.
(b) At high temperature.
Figure 6: Effect of temperature change at low and high temperature
environments on the instability region for a SWCNT with E = 1.1 TPa, ρ =
1300 Kg/m3 , d = 3 nm, t = 0.34 nm, L = 45 nm, K = 107 N/m2 , e0a = 0.5 nm
corresponding to Bernoulli–Euler beam theory.
in Figure 8. The solid lines denote the instability region
corresponding to the local beam theory and the dash lines
indicate those corresponding to the nonlocal beam theory,
based on the TBT. It can be seen that the difference between
instability regions predicted by local and nonlocal beam
theories is significant at lower aspect ratios. In other words,
the classical beam theories have an overestimated prediction
924 R. Ansari et al. / Scientia Iranica, Transactions F: Nanotechnology 19 (2012) 919–925(a) At low temperature.
(b) At high temperature.
Figure 7: Effect of temperature change at low and high temperature
environments on the instability region for a SWCNT with E = 1.1 TPa, ρ =
1300 Kg/m3 , d = 3 nm, t = 0.34 nm, L = 45 nm, K = 107 N/m2 , e0a = 0.5 nm
corresponding to Timoshenko beam theory.
Figure 8: Comparison between the local and nonlocal beam theories in
predicting the instability region for a SWCNT with E = 1.1 TPa, ρ =
1300 Kg/m3 , d = 3 nm, t = 0.34 nm, K = 107 N/m2 , e0a = 2 nm, T = 50 °K,
αx = −1.6 × 10−6 K−1 corresponding to the Timoshenko beam theory (solid
lines denote the local beam theory and dash lines indicate the nonlocal beam
theory).
for instability regions at lower aspect ratios. On the other hand,
these differences can be neglected at higher aspect ratios.
5. Conclusion
The dynamic stability of embedded SWCNTs subjected
to a thermal environment was investigated in this paper,
based on nonlocal elastic beam models. The present nonlo-
cal Bernoulli–Euler and Timoshenko beam models can inter-
pret the size effect. A Winkler-type elastic foundation was
employed to represent the interaction of the SWCNT and the
surrounding elastic medium. Dynamic governing equations of
carbon nanotubes were formulated on the basis of nonlocalBernoulli–Euler and Timoshenko beam models including ther-
mal effect and axial compressive force. Then, the free vibration
and axial buckling of SWCNTs were discussed as subset prob-
lems.
It was observed that the classical beam models have an
overestimated prediction for the width of instability region for
the SWCNT. Also, it was found that the width of instability
regions for the nonlocal Timoshenko beam model is larger
than that for the nonlocal Bernoulli–Euler beam model. It
was noted that at a given dynamic load factor, the excitation
frequency corresponding to the EBT is larger than that of the
TBT, especially at lower aspect ratios.
Moreover, it was found that in high temperature environ-
ments, an increase in temperature change leads to a negative
value of axial resultant force, due to thermal loading. Therefore,
the system tends to becomeunstable by increasing temperature
change at high temperatures. However, at low temperatures,
increasing the temperature change moves the origins of the in-
stability regions to higher excitation frequencies, and leads to
more stability of the system at lower excitation frequencies.
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